The Anderson localization phase transition in the Aubry-André-Harper (AAH) model with pwave superconducting (SC) pairing is numerically investigated by suddenly changing the on-site potential from zero to various finite values which fall into the extended, critical and localized phase regimes shown in this model. The time evolutions of entanglement entropy (EE), mean width of wave packets and Loschmidt echo of the system exhibit distinct but consistent dynamical signatures in those three phases. Specifically, the EE grows as a power function of time with the exponent of which varies in the extended phase but keeps almost unchanged in the critical phase for different quench parameters. However, if the system is in the localized phase after a quench, the EE grows much slower and will soon get saturated. The time-dependent width of wave packets in the system shows similar behaviors as the EE. In addition, from the perspective of dynamical phase transition, we find that the Loschmidt echo oscillates and always keeps finite when the system is quenched in the extended phase. In contrast, in the critical or localized phase, the echo will reach to zero at some time intervals or will decay almost to zero after a long-time evolution. The universal features of these quantities in the critical phase of the system with various SC pairing amplitudes are also observed.
I. INTRODUCTION
The Aubry-André-Harper (AAH) model has attracted considerable attentions both theoretically and experimentally in the past few decades [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . With the fast development of experimental technologies and skills, this model can now be realized in photonic crystals [15] [16] [17] and cold-atom systems [18, 19] , which help us to gain more understandings of incommensurate systems. With so many important and interesting properties shown in this one dimensional incommensurate model, the Anderson localization phase transition has been one of the most extensively explored phenomena. Besides, recent studies on the many-body localization phase transition in the AAH model with interactions between the neighboring sites endows such systems with more exciting features [20] [21] [22] [23] . Moreover, many generalized AAH models with exotic characteristics have been proposed, such as the AAH model with p-wave superconducting (SC) pairing terms [14, 24, 25] . Due to the SC pairing, this system shows a critical region before the transition from extended phase into the localized phase [14] . However, the phase transition process, especially the critical region has not been deeply discussed. Many features of the critical phase still need to be clarified, which is one of the purposes of this paper.
On the other hand, the quantum entanglement is becoming more and more important in the research of many-body theory and quantum information theory [26] [27] [28] . By checking the entanglement of the system, it * zqb15@mails.tsinghua.edu.cn † rlu@tsinghua.edu.cn has been found that the behaviors of entanglement are closely related to phase transitions [29] [30] [31] [32] [33] . The features in the entanglement for critical systems are quite distinctive and thus can be exploited to study the phase transitions. Entanglement entropy (EE) [28] , as a measure of the entanglement, plays a central role in characterizing different phases. By studying the variations and scalings of the EE at or near the critical points, one can get more insight in the phase transition process. In Ref. [34] [35] [36] , the EE and the entanglement spectra of an Aubry-André model are elucidated and clear signatures of the Anderson localization phase transition have been obtained. If the p-wave superconducting pairing term is added to this model, one could expect more interesting phenomena due to the interplay between the SC pairing and the Anderson localization. Furthermore, the behaviors of EE in the critical region of the AAH model with SC pairing could also be studied, from which more interesting features of the phase transitions in this model can be revealed. It is also noteworthy that nowadays the quantum quench method has become very effective in the study of dynamical quantum phase transitions (DQPTs) [37] [38] [39] [40] [41] [42] . The Loschmidt echo, which can be used to characterize the overlap between the initial state and the time-evolved state after a quench, is widely utilized to describe the DQPTs [43] [44] [45] [46] . It is known that the appearance of zeros in the Loschmidt echo signifies the dynamical phase transitions. In Ref. [47] , the Loschmidt echo is used to describe the localization-delocalization phase transition in AAH model and distinct signatures of the phase transition are acquired. It would be interesting to further investigate the influence of the p-wave SC pairing on the Loschmidt echo behaviors in similar models.
Motivated by these results, in this paper, we study a generalized AAH model with p-wave superfluidity from the perspective of quench dynamics. As we already know that such a system would show extended, critical and localized phases in different parameter regimes. The phase diagram of the system is presented in Fig. 1 , which is similar to the one in Ref. [14] . To investigate the dynamical properties of these three phases, the system is initially prepared with the on-site potential set to be zero. Then we suddenly change the on-site potential to various finite values which fall into the extended, critical and localized region respectively. After that, the time evolutions of entanglement entropy, mean width of wave packets and Loschmidt echo in this system are checked. Distinct signatures are observed for the system quenched into different phases. As to the entanglement entropy, if the system is in the extended and critical phase after a quench, it grows as a power function of time. The exponent of the power function varies in the extended phase but keeps almost unchanged in the critical phase for different quench parameters. However, if the system is quenched into the localized state, the EE increases quite slowly and will soon become saturated. Similar behaviors also show up in the evolution of the mean width of wave packets. Furthermore, we also explored the Loschmidt echo of the system from the perspective of dynamical phase transitions. The Loschmidt echo oscillates at some relatively large values and always keeps finite when the system is in the extended state after the quench, but will approach to zero at some time intervals when the system goes into the critical regime. If we quench the system into the localized phase, the Loschmidt echo decays almost to zero in the long-time evolution. Besides, the variations of these quantities in the critical phase of system with various SC pairing amplitudes are also discussed, where the universal properties are also analyzed. The dynamical signatures obtained in this work are important in characterizing the non-equilibrium properties of the different phases in the AAH model with p-wave SC pairing. The rest of the paper is organized as follows. In Sec. II, we introduce the model Hamiltonian of the AAH model with p-wave superconducting pairing. Then in Sec. III, we discuss the time evolution of entanglement entropy, mean width of wave packets and Loschmidt echo in the system after a quantum quench. Different quench situations are investigated and the corresponding numerical results are presented. Sec. IV is dedicated to a brief summary.
II. MODEL HAMILTONIAN
The generalized one-dimensional (1D) Aubry-André-Harper model with p-wave superconducting (SC) pairing we consider in this paper is described by the following Hamiltonian
where c † j (c j ) is the creation (annihilation) operator at site j, V j = V cos(2παj) is the on-site potential and α is set to be ( √ 5 − 1)/2 without loss of generality. J is the hopping amplitude between the nearest neighbouring lattice sites and we set J = 1 as the energy unit throughout this paper. ∆ is the superconducting pairing amplitude which is taken to be real. H.c. represents the Hermitian conjugate. There are in total N lattice sites in this system. It has been shown that when V is larger than a certain critical value, V > 2(J + ∆), the system will go through a phase transition from the extended state into the localized state. More recently, it is found that with nonzero SC pairing, there will be a critical phase before the system becomes localized [14, 24] . It will be interesting and helpful to investigate this phase transition from the perspective of non-equilibrium dynamics. The method we employed here is to check the behaviors of the physical quantities of the system after a global quench, namely a sudden change of the system parameters. In order to calculate the quantities we will discuss later, first we need to rewrite the Hamiltonian by using the Bogoliubov-de Gennes (BdG) transformation:
where n = 1, ..., N . The u n,j and v n,j are chosen to be real here. Then the Hamiltonian in Eq. (1) can be diagonalized as
with ǫ n being the energy of quasiparticles. For the components of u n,j and v n,j , we have the following BdG equations:
Representing the wave function as
the BdG equations can be written as H|Ψ n = ǫ n |Ψ n , with H being a 2N × 2N matrix:
where
The energy spectrum as well as the eigenvectors can be determined by diagonalizing this matrix directly. The ground state of the system corresponds to the state with all negative quasiparticle energy levels filled.
In the next section, we will numerically explore the quench dynamics of entanglement entropy, mean width of wave packets and Loschmidt echo of this incommensurate AAH model. The dynamical behaviors of these quantities after quench will be shown and analyzed.
III. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we will study the non-equilibrium properties of the Anderson localization phase transition of the AAH model by exploiting the quantum quench method. Firstly we will discuss the variation of the entanglement entropy after we quench the system into different phases. Then the time evolutions of mean width of wave packets and Loschmidt echo in this system will also be studied. The comparison between these physical quantities will also be presented.
A. Entanglement entropy
The entanglement entropy (EE), which is also called the von-Neumann entropy, is defined to quantify the entanglement of a system. The EE can be calculated firstly by dividing the whole Hilbert space into two subspaces A and B. Suppose that |Ω is the quantum state and ρ = |Ω Ω| is the density matrix for the full system. The reduced density matrix for subsystem A can be obtained by tracing out the degrees of freedom of subspace B, which leads to
Then the entanglement entropy is defined as
According to Refs. [48, 49] , the entanglement entropy for non-interacting systems can be calculated from the correlation functions. For the quadratic fermionic system we discuss here, the time evolution of the entanglement entropy can be calculated by using the method which is detailed described in the Appendix A of Ref. [53] . Before the quench, we set the system parameters such as the onsite potential or the superconducting pairing amplitude to be certain initial values. Then at t = 0, we suddenly change the parameters to values different from the initial ones. Now let us investigate the time-evolution of the system's entanglement entropy. It is known that due to the existence of SC pairing, the system is in the extended phase when V < 2|J − ∆| and in the localized phase when V > 2|J + ∆|. While if 2|J − ∆| < V < 2|J + ∆|, the system will be in the critical phase (see Fig. 1 ). Since the system shows three different phases in different parameter regimes of disordered potential V , we will do the quench by setting V i = 0 in the initial Hamiltonian, which means that the system is prepared in the extended state. Then at time t = 0, we suddenly change V to different nonzero values, i.e. V f s, as shown by the red dashed line in Fig. 1 . The variation of EE can be calculated as the system evolves after the quench.
In Figure 2 , the time-dependent EE is presented for different quench parameters. We choose J = 1 as the energy unit of the system throughout this paper. The lattice number of the system is N = 233, which is the 13th Fibonacci number. After the quench, we can see that the EE grows as a power function of time, namely, we have
However, the specific dynamical behavior for different V f s changes. To better characterize the power-law form of the growth profile, we can plot the EE as a function of time in a log-log coordinate systems, see Fig. A1 in the Appendix. The linear growth part in that figure indicates that the EE do grows in a power-law form. If the system is quenched into the extended state (V f = 1.0, 1.5 in Fig. 2(a) ), the EE will increase quickly in the beginning. For example, when V f = 1.5, the exponent σ ≈ 0.23, as shown by the red dashed line in Fig. A1(a) . The exponent σ becomes smaller as we further increase V f . The EE will finally saturate to a finite valueS ∼ N . If the quench is performed to the critical phase (V f = 2.0, 2.4), the EE will grow continuously in a power-law form for a relatively longer time. The exponents for those powerlaw growth of EE are almost the same as long as V f falls into the critical region. From the numerical fitting in Fig. A1(a) , we have σ ≈ 0.18 for the critical phase (see the black dashed line there). The unchanged exponent characterizes the dynamical behaviors of EE in the critical phase. When the system is quenched to the localized phase (V f = 2.5, 3.0 in Fig. 2(a) ), the EE after a quench grows much slower and the corresponding exponent of the power function will be significantly reduced if the on-site potential becomes stronger. In the long-time evolution, we can see that the EE will always get saturated. The saturation of EE differentiates the Anderson localized phase from the many-body localized phase, which has a unbounded logarithm growth with time [50, 51] . These distinctive behaviors of the EE in the quench dynamics clearly exhibit the different phases of the AAH system with p-wave SC pairing.
On the other hand, we could also check the evolution of the EE after suddenly changing the SC pairing amplitude of the system, as shown by the blue dotted line in Fig. 1 . Such a quantum quench is helpful in gaining more insights about how SC pairing would affect the system's properties. Here we fix the on-site potential 2.0, thus the system would always be in the critical phase. The numerical results are presented in Fig. 2(b) . The SC pairing amplitude of the initial Hamiltonian is chosen to be a small value, ∆ i = 0.001. Then it is suddenly changed to values ranging from 0.05 to 0.5. From Fig.  2(b) we can see that, even though the SC pairing amplitudes after the quench are quite different, the EE grows in a power-law form and the exponents for these power functions are almost the same. The numerical fitting in Fig. A1(b) shows that the value σ is about 0.21 in these cases. The similar behaviors again demonstrate the signature the critical phase.
B. Wave packet dynamics
To further explore the dynamics of system, we now turn to study the time-evolution of wave packets. Here we mainly focus on the evolution of the mean width of wave packets. Following the previous studies [52, 53] , we suppose that at t = 0, the following wave packets connecting site k and k ′ can be constructed
where ǫ n and v n,k are the eigenvalues and eigenvectors of the system Hamiltonian, which can be determined by diagonalizing the corresponding Hamiltonian matrix shown in Eq. 6. k and k ′ correspond to different sites. The width of the wave packet at site k at time t is
We then take the average of d(k, t) over the starting positions k, and get the mean width of wave packets in the system at time t as
Since the system can be in the extended, critical or localized phase, we need to check whether the propagation of wave packets will be different in these three different phases.
In Figure 3 , the time-dependent widths of wave packets in the AAH model with different on-site potentials and SC pairings are presented. From Fig. 3(a) , we can find that the average width of wave packets also grows in a power-law form after the quench:
The growth profile changes for different quench parameters. We also show the time evolution of d(t) in the log-log frame in Fig. A2 . The numerical results clearly show that when the system is in the extended state after a quench, see the blue and red line with V = 0.5 and 1.0 in Fig. 3(a) , the mean width of wave packets will increase quickly first and then saturate. Numerical fitting in Fig.  A2 (a) indicates that D ≈ 0.71 for the V = 0.5 cases (see the blue dashed line there). The growth behaviors of the width of wave packet is quite similar to that in the entanglement entropy (see Fig. 2(a) ). This can be explained from the perspective of quasiparticles. The wave packets can be used to semiclassically describe the quasiparticles which are assumed to be produced uniformly in the system and will move classically after production. Since the system we discussed here is quasiperiodic, the quasiparticle excitations at time t = 0 can only propagate diffusively (x ∼ t D with 0 < D < 1, where x is the distance the quasiparticle travels during the time interval [0, t]), not like the ones in the homogeneous lattice which could move ballistically (x ∼ t) [52] . So the width of wave packets grows in a power-law form. The expansion of wave packets will lead to a growth of the entanglement entropy because these wave packets will become overlapped after expanding for a while and make the system more entangled. The same reason applies to the critical phase where the width of wave packets and EE also grows as a power function of time, as shown by the lines corresponding to V = 1.6 and 2.4 in Fig. 3(a) . The exponents for the power functions in the critical phase are the same: D ≈ 0.47 (see the black dashed line in Fig.  A2(a) ). So the universal feature of the critical phase is also exhibited in the dynamical behavior of wave packets. On the contrary, if the system is in the localized phase (see the lines with V = 2.5 and 3.0 in Fig. 3(a) ), the wave packets will be confined near the original sites, so the time-dependent width increases much slower and will soon saturate to a finite value in the end. The exponent for the power function becomes smaller as V is further increased. Now that the wave packets do not expand that much, they will be much less overlapped, which results in a system with small entanglement entropy. This is again consistent with the dynamical features of EE in the system after a quench to the localized phase. The variation of d(t) for systems with various SC pairing amplitudes is also analyzed here. The numerical results are presented in Fig. 3(b) . The on-site potential is also chosen to be 2.0, so the system would always be in the critical phase. When ∆ becomes larger, the critical region of the system will expand. However, the growth behaviors of the corresponding mean width of wave packets are almost the same. They all grow as a power function of time before getting saturated and the exponents of these power functions are very close. From Fig. A2(b) , we have D ≈ 0.45. This is again analogous to the behaviors of EE, as shown in Fig. 2(b) .
From the above discussions on the dynamical features of EE and mean width of wave packets, we can find that these two quantities behave quite similarly in the post-quench evolution even though the exponents do not match. The reason behind this is that the expansion of wave packets or the motion of quasi-particles would result in variations of the entanglement in the system, as discussed in Ref. [52] .
C. Loschmidt echo
We can also use the Loschmidt echo to characterize the quench dynamics in the system. Loschmidt echo has been widely exploited in studying the dynamical quantum phase transitions. It is well known that when the system is going through a dynamical phase transition, the Loschmidt will approach to zero at some time intervals. In Ref. [47] , the Loschmidt echo has been utilized to characterize the localization-delocalization phase transition in the AAH model, which shows clear signatures in different phases. For the AAH model with p-wave SC pairing we discuss here, we can also check how the Loschmidt echo would behave. Due to the presence of SC pairing, a critical region exists, from which more interesting features could be expected. To define the Loschmidt echo, one can assume that the system is prepared in an eigenstate of the initial Hamiltonian H(λ i ), where λ i could be the on-site potential V i or the SC pairing amplitude ∆ i before the quench. At t = 0 we change λ i suddenly to another value λ f , and let the system evolve under the new Hamiltonian H(λ f ). The Loschmidt amplitude (also called the return amplitude) is defined as
where |ψ(λ i ) is the eigenstate of the Hamiltonian H(λ i ). The corresponding Loschmidt echo (return probability) is expressed as With the help of Loschmidt echo, now we can check the phase transition in the AAH model with p-wave superconducting pairing from the perspective of dynamical phase transitions. In Figure 4 , we present the L(t) of the system after different quenches. In Fig. 4 (a) and 4(b), we keep the SC pairing fixed and change the onsite potential. V i = 0 in the initial Hamiltonian and the SC pairing is ∆ = 0.2. So in the beginning, the system is in the extended state. The Loschmidt echo shows very different behaviors when the on-site potential V f falls into regimes corresponding to the different phases of the system. If the system is in the extended phase after a quench, e.g. V f = 1.0 and 1.3, L(t) oscillates around a relative large value and always keeps finite. It will not touch the zero point. However, when we increase V f and quench the system into the critical region (V f = 2.0, and 2.4), the value of L(t) will decrease and will touch zero at some time intervals. This is the signature of dynamical phase transition. If we increase V f further (e.g. V f = 3.0), the system will go into the localized state, L(t) decreases sharply and will become almost zero in the end. So from the Loschmidt echo, we can also get clear evidences about the three different phases in the AAH model with SC pairing. The critical values for the phase boundaries can be extracted from the results, which are consistent with the ones we get in the phase diagram and the entanglement entropy dynamics in the last section. We also calculate the L(t) after the system is quenched from ∆ i = 0 into situations with different SC pairing amplitude ∆ f s, as shown in Fig. 4(c) and 4(d) . The on-site potential V here is also set to 2.0, which means that the system is always in the critical phase before and after the quench. If ∆ f is small (see Fig. 4(c) ), it takes a long time before the echo approaches zero. However, if the ∆ f becomes larger, the Loschmidt echo decreases much faster and will touch zero at some times after the echo oscillates for a shorter time scale. The universal feature that the echo will touch the zero point at certain time intervals always shows up. So from the perspective of Loschmidt echo, the phase transition in the AAH model with SC pairing can also be well characterized.
IV. SUMMARY
In this paper, we have investigated the quench dynamics of an Aubry-André-Harper model with p-wave superconducting (SC) pairing. Due to the presence of the SC pairing, there are three different phases in this system: extended, critical and localized phase. As to the quantum quench, the system is prepared in the extended state with zero on-site potential, and then suddenly quenched into one of the three phases. We check the post-quench dynamical properties of entanglement entropy (EE), mean width of wave packets and Loschmidt echo of this system. These three quantities show distinct but consistent behaviors in different phases, which can be used to characterize the non-equilibrium dynamics of the AAH model. If the system is quenched into the extended states, the EE of the system will increase as a power function of time in the beginning and then saturate. The corresponding Loschmidt echo oscillates around a relatively large value and always keeps finite. However, if the system is in the localized state after a quench, the EE increase quite slowly, and the corresponding Loschmidt echo decays almost to zero in the long-time evolution. Moreover, when the system is quenched into the critical regime, the EE increases in a power-law form and the exponents of the power function are almost the same for different quench values of the on-site potential. The Loschmidt echo in this phase also oscillates at finite value but would reach to zero at some time intervals, which indicates the dynamical phase transitions. The dynamical behaviors of the EE can be partly explained from the perspective of the propagation of wave packets, which exhibits similar dynamical features as the EE in different phases and quench situations. These methods reveal the variations of different physical quantities during the localizationdelocalization phase transition process in the AAH model with p-wave SC pairing. We also discuss the dynamics of these quantities in the critical phase with various SC pairing amplitudes. Both EE and the mean width of wave packets grow in a power-law form. The exponents of these power functions are almost unchanged for different SC pairings, which indicates the universal property of critical phase. The Loschmidt echo in this case also shows the universal feature that it will reach to zero at certain time intervals.
As for the experimental side, the AAH model can be realized by using cold atom systems. The Rényi entanglement entropy, which is similar in characterizing the entanglment as the von Neumann entanglement entropy discussed in this paper, can be measured by using the method proposed in Ref. [54] . Moreover, with p-wave SC pairing present in this model, the system is similar to the 1D Kitaev chain, which shows topological superconducting phase with appropriate parameters. The topological phase in the incommensurate 1D AAH model with p-wave SC pairing is discussed in Ref. [55] , where the topological superconducting phase is found to be destroyed when the system goes into the Anderson localization phase. It would be interesting to further check how the Majorana bound state at the ends of the 1D system evolve with time after quench the system from topological superconducting phase to the localized phase in the future. 
APPENDIX
In this Appendix, we present numerical analysis of the time-dependent entanglement entropy (EE) and width of wave packets in the AAH model with p-wave superconducting pairing. To better characterize the dynamical behaviors of these quantities, we plot the EE and the mean width of wave packets as a function of time in loglog coordinate systems. Fig. A1 shows the time evolution of EE of the system after quench. The growth part of the EE are linear in the log-log frame, which means that the EE grows in a power-law form, S(t) ∼ t σ . This is quite clear for the system after a quench in extended or critical phase. From Fig. A1(a) , we can see that σ changes as the V f in the extended phase increases. When V f = 1.5, the numerical fitting shows that the exponent σ is about 0.23, see the red dashed line in it. If the system goes into ln(t) the critical phase, then exponents for various V f situations are almost the same, σ ≈ 0.18 as indicated by the black dashed line. The features of the critical phase are thus manifested here in the dynamical behavior of the EE by the unchanged exponent. For system quenched in the localized phase, the σs are quite small and the EE becomes saturated soon. In Fig. A1(b) , we show the time-dependent EE in the system with different SC pairing amplitudes. We have set V = 2.0 here, so the system is always in the critical phase. It is obvious from this figure that the EE of the critical system with various SC pairings after a quench shows very similar behaviors. The exponent of the power function, σ, is about 0.21. This again reveals the signature of the critical phase in the dynamics of the AAH model. In Fig. A2 , we present the time-dependent width of wave packets in the AAH model. The growth of the mean width d(t) also shows a power-law form, d(t) ∼ t D . For system in different phases (see Fig. A2(a) ), the exponent of the power function will decrease as we increase the value of V . When V = 0.5, D is about 0.71. If the system is in the critical phase, the value of D are almost the same, D ≈ 0.47, as can be seen from the black and magenta line for V = 1.6 and 2.4, respectively. This is consistent with the behavior of EE in the critical phase where similar features also show up. If the system is in the localized phase after a quench, the exponent D would keep decreasing and the mean width of wave packets will become saturated soon. Again we also show the d(t) of system in the critical phase with different SC pairing amplitudes in Fig. A2(b) . The power-law growth pattern is obvious and we have D ≈ 0.45 here. So the dynamical variations of EE and the mean width of wave packets exhibit consistent behaviors in different phases.
